I. Introduction
An account of a discovery in any branch of knowledge can often be written as a history of a discovery's acceptance by a relevant community of knowers. This acceptance, while necessary for the advance of knowledge, is not always immediate. In certain cases, acceptance appears to be preceded by a period during which ideas supporting or explaining the discovery are developed.
During this period, a discovery may encounter active resistance from some members of the community, or toleration accompanied by disbelief from others, of it may be ignored. The period affords that segment of the community of knowers who do accept the discovery -as well as those who do not -the opportunity to integrate it into the body of accepted knowledge. The process of integration can involve articulation and refinements of ideas that underlie the discovery and the working out of difficulties that such articulation may create. For these reasons, a lack of instantaneous acceptance of a discovery is not necessarily deleterious, and may be beneficial, to the progress of a field, and to humanity. There may be a few individuals who continue to regard a discovered object as a novelty, as a troublesome fluke, or a discovered proposition as spurious (and they may be right), but when a sort of epistemic critical mass is reached, that is, when enough scholars have become aware of the discovery, have thought about it long enough, and have discussed it among themselves, the discovery's plausibility crosses the threshold of the community's collective consciousness. In other words, the knowledge, understanding, and suitable perspective required to accept a discovery has to be amassed among the colleaion of community members until it reaches a crucial point at which reckoning with the discovery is compelling. Sometimes the attainment of the critical point is dramatic and, therefore, obvious; sometimes this is not the case.
In any case, at this stage, the discovery, or aspects of it, and the community's acceptance of the discovery are usually expressed in new multiple independent, simultaneous discoveries, or "multiples," that is, the discovered fact, idea, or object is rediscovered by other researchers working independently of one another. Finally, acceptance on a large scale is realized, the discovery is considered part of the architecture of knowledge, and a cycle of the process of discovery is complete.
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The discovery and process of acceptance of the complex numbers illustrates this process. Debates about these numbers and the role of such debates in the nineteenth century British view of algebra are usually forgotten or glossed over in accounts of the history of algebra. Both the debates themselves and the fact they have been forgotten illustrate the phenomenon described above.
Square roots of negative numbers, or what we today call complex numbers, were encountered first by Diophantus in about 250 A.D. 1 , and by Mahavira in the ninth century 2 . The appearance of the square root of a negative was viewed, at the time, as an artifact of solving certain problems such as finding two numbers whose sum is one number and the sum of whose squares is another. Until their general acceptance in the mathematical community in fairly modern times, the unusual new objects were variously ignored, ridiculed, or used in certain calculations despite the users' belief that the objects were not legitimate mathematical objects. Then, several workers independently generated a geometric interpretation of these objects, and other aspects of them also were described independently by a variety of men. Finally, in the middle of the nineteenth century, complex numbers were formally defined and accepted.
The part played in this story by Girolamo Cardano, is concentrated on in this paper. Cardano, the sixteenth century Italian physician, mathematician, and gambler, is an important part of the story. He, and not Diophantus or Mahavira, is usually credited with the discovery of complex numbers, he initiated the use of certain pejorative terms to describe them, thus concretizing an attitude that persisted throughout the centuries, and he exemplifies the attitude of toleration accompanied by disbelief in a spectacular way. Jacques Hadamard, the noted mathematician, historian, and philosopher of mathematics, writes that we distinguish types of discoveries according to whether the person who makes the discovery knew what he was looking for and tried to find it, or whether he happened upon something -a physical object, a mathematical result, a medical procedure, for examples -and subsequently found a use for the discovery 3 . The initial discovery of complex numbers falls into the latter category.
The sixteenth century Italian, Girolamo Cardano, is generally credited with the discovery of complex numbers, probably because he was the first to distinguish complex numbers from other mathematical objects by naming them, and because he used these complex numerals in calculations. One of the early writers, Diophantus, did not acknowledge that he had discovered anything; deriving a square root of a negative indicated to him that he had erred in his calculations. Neither did Cardano claim to be a discoverer -he, too, believed he had erred in a computation; yet Cardano named his "error" -he called such objects 'impossible quantities' -and he used these objects in certain calculations. Although he did not Philosophic Mathematica, II, voL 4 (1989) , no. 2 197 accord them the same degree of reality that he attributed to, say, the positive whole numbers, he did, by naming them and by using them, acknowledge them in a way that previous writers had not.
Cardano was a very well-known scholar of his generation and afterward, a person whose work with complex numbers was widely dispersed and read, not only in his lifetime, but subsequently as well, and who, though acknowledged to be eccentric, was yet respected for his contributions to mathematics and medicine. These points are argued for in the first section of this paper. A presentation of and commentary on pertinent sections of Cardano's seminal work, the Ars Magna, is then offered. Here, Cardano is placed in a historic tradition, and the difficulties he experienced with respect to negative numbers are noted. Further, Cardano's explicit expectation that calculations must be useful is emphasized. This paper concludes with a discussion of some facts that may help to explain why the very objects -square roots of negatives -that caused such a stir in later generations aroused so little comment during Cardano's lifetime.
II. Cardano's Scholarly Life and Reputation
Girolamo Cardano was born in Pavia, northern Italy, on September 24, 1501. When Cardano was nineteen, he entered university at Pavia, where he was regarded as a brilliant but frivolous student/ and, at the age of twenty-five, he received his doctorate. While still a student, he lectured on Euclid:* his interest in geometry remained with him all his life and is apparent, in particular, in his proofs of algebraic propositions. A resurgence of interest in Hellenic ideals, including an emphasis on geometry, as well as a synthesis of Greek ideas with those of the Arabic algebraists, marked the beginning of the Italian Renaissance in mathematics. In this respect, Cardano's attitude is typical of the times.
Nonetheless, Cardano regarded mathematics (as well as gambling and music) as a hobby, his primary interest was medicine. After completing his studies, Cardano applied to the College of Physicians and Surgeons in Milan, but his membership was rejected. In response to this rejection, he wrote a vituperative critique of doctors and the medical profession that embarrassed the College, whereupon the College admitted him*.
Eventually, Cardano established himself as a physician of some repute, both through his cures and through his publications. In fact, Cardano's writings were known throughout Europe both to scientists and to laymen by the time he was fifty-one years old, 7 although his popularity was, among the laymen at any rate, primarily a result of his writings on ethics and moral philosophy. His works cover a surprising variety of areas and include such -titles as On the Immortality of the In arithmetic I advanced almost the whole field of the science including the sections treating, as they call it, of algebra; my discoveries dealt with properties of numbers, especially of those having similar ratios among themselves. I also expounded the numerical functions already discovered, showing either a simplified treatment or some uncommon formula method, or both. In geometry I dealt with confused and reflex proportions, and the treatment of infinity with finite numbers and through finite, although it was first discovered by Archimedes. 14 Cardano's masterpiece was the Ars Magna, sive de regulis algebraicis (The Great Art, or The Rules of Algebra), which was published in Nurnberg in 1545, the very year that Copernicus' De Revohitionibus Orbium Coelestium and Vesalius* Fabrica Humani Corporis were first published." Other editions of the Ars Magna appeared in Basel in 1570 and in Lyons in 1663.
M With the publication of the An Magna, Cardano set the stage for the rapid development in the centuries that followed of algebra as an important branch of mathematics. In Cardano's time, the equation ax J + bx 2 + cx + d = 0 was not recognized as a generalization of all third degree polynomial equations;that is, while we would regard, say, 2X 3 + 3x* = 0 and 2x 3 + 3x 2 + 4x + 2 = 0as instances of the general form, Cardano and his peers would have claimed that the two equations have distinct forms. Moreover, the coefficients of the powers of x were problematic to sixteenth century mathematicians in that not everyone accepted the legitimacy of the negatives as numbers; for example, we accept the equivalence of the equations x 3 + (-2)x + (-3) = 0 and x 5 = 2x + 3, whereas the early men would have regarded the former as meaningless, since the constant and the coefficient of the first power of x are negatives. Since all coefficients were required to be nonnegatrve, the early writers regarded the form x 3 + ax = b as a form different from, say, x 3 = ax + b. Hence, these writers believed, each "different" form required a separate method of solution. Thus, in the Ars Magna, Cardano tediously and methodically prescribed some thirty types of solutions. Additionally, Cardano demonstrated that the formulae that had been provided without proof by other writers were indeed correct In the process of searching for this array of solutions, Cardano stumbled upon what we now call complex numbers.
III. Impossible Solutions" and the Ars Magna
In the middle of the ninth century, Mohammed ibn Musa al-Khowarizmi wrote Al-jabr wa'al muqabala (whence we have the name 'algebra' and the term 'algorithm'). In this work, al-Khowarizmi solved general linear and quadratic equations, that is, equations whose modern forms are ax + b = 0 and ax 2 + bx + c = 0, respectively. He did not, however, view the equation ax 2 + bx + c = 0as the general form of all second degree polynomial equations in one variable; rather, he identified the six distinct forms of such equations, which include ax 2 = bx, ax 2 = c,ax 2 + c=tbx,ax 2 + bx = c,ax 2 = bx + c, and ax 2 + bx + c = 0, with a, b, and c positive. 17 The purpose of these distinctions is the avoidance of negatives.
Evidently, Cardano was familiar with the work of al-Khowarizmi, to whom Cardano, early in the first chapter of the Ars Magna, refers as "Mahomet the son of Moses the Arab."" Al-Khowarizmi's practice of solving nth degree polynomial equations in one variable by cases in order to avoid negatives was clearly appealing to Cardano. In the Ars Magna, Cardano solved all possible forms of the cubic, as well as some forms of the quartic, differentiating, for example, between ax 3 + bx = c and ax 3 = bx + c, for the same reason that al-Khowarizmi distinguished six forms of the quadratic equation. Although Cardano's treatise certainly makes for tedious reading on this account, its appearance was nonetheless an important development in the early history of algebra-Specifically, if we agree that generality is one of the goals we seek, then Cardano's introduction of even a small degree of generality of method represents an advancement over the earlier practice of treating each particular equation as a case unto itself. Now, at least, we had a solution for ax 3 But if a true solution is lacking, a negative one will also be lacking. Thus, since there is no true solution for x 4 + 12 = 6x*, a fictitious one (for such we call that which is debitum or negative) is also lacking 19 .
Note that a negative constitutes a "fictitious" solution. In fact, the equation in question has four distinct complex solutions, which Cardano has not mentioned, although, as we shall see, he had the means of discovering them at hand, at least by the time he wrote the third chapter. We do not know at this point in the text what Cardano actually has derived or what he thinks he has derived.
In chapter three, entitled, "On Solutions in Simple Cases," Cardano reduces a certain case of the cubic to a case of the quadratic He writes:
And in order to satisfy future cases, [the rule is:] Divide the coefficient of the greatest power -by the greatest, I mean the highest -into all other terms and depress [all of them] by the lowest power. In this way, you will be following the rule of this chapter. For example, let
The lowest power is x and the coefficient of the highest is 4. Divide through, therefore, by 4[x] and you have
From all this it is clear that a simple x is negative. For powers extend to squares, cubes, and others, and their solutions will be roots. These are completely useless if x is negative 20 .
The meaning of this passage is not completely clear, since Cardano writes that a "simple x" is negative; yet the second degree equation has two solutions, both of which are irrational and only one of which is negative. Since Cardano does not provide us with his solution of the quadratic equation, we cannot verify whether he made a simple calculation mistake, which seems to be indicated. Further, zero is also a solution of the given cubic, so Cardano not only erred in dividing by x, but missed a third solution in doing so. (It is likely that Cardano did recognize zero as a number, since it was generally accepted as one by 15OO.) M Also, Cardano seems to indicate in the second to last sentence of this passage that the sight of a negative number under a radical disturbed him, perhaps because such an entity may give rise to a negative; for example, V-8> which is a solution of the equation x 3 + 8 =• 0, is equal to -2. Finally, we note Cardano's accentuation of the uselessness of a negative x, an emphasis that occurs again and again in his work.
Indeed, as we examine the next passage, it is easy to see that Cardano finds usefulness in a negative or "fictitious" solution only if it is a "true" solution of a slightly altered problem; further, Cardano imagines no use for solutions involving the square root of a negative, since he refers to problems involving such objects as "false solutions." Cardano writes:
We will look for solutions for problems which can at least be verified in the positive, as if someone should say, and that x = 4; this will also be true for Notice, as well, that all forms of the quadratic equation have solutions, whether real or complex, so that when Cardano writes of "a case that is impossible to solve," he is not claiming that the solution set is empty in the sense that we would intend; that is, he knows that none of these equations is of the same type as *x = x + 1'. Further, irrational numbers and rational numbers were not problematic to the mathematicians of Cardano's day. Hence, we must conclude that the solutions of "impossible cases" are what we call complex numbers. Still, Cardano uses his method of root extraction to solve even the "impossible cases." In the passage that is one of the most often quoted in discussions of Cardano and complex numbers, Cardano writes:
The second species of negative assumption involves the square root of a negative. I will give an example: If it should be said, Divide 10 into two parts the product of which is 30 or 40, it is clear that this case is impossible. Nevertheless, we will work thus: We divide 10-into two equal parts, making each 5. These we square, making 25. Subtract 40, if you will from the 25 thus produced, as I showed you in the chapter on operations in the sixth book, leaving a remainder of -15, the square root of which added to or subtracted to 5 gives parts the product of which is 40. These will be 5 + J -15 and 5 -J -15.
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Vera Sanford translates the first sentence from the Latin as follows: "A second type of false position makes use of roots of negative numbers." 24 This translation implies that Cardano has characterized "false positions," so that negative solutions and complex solutions present two distinct problems; this interpretation may be a projection onto Cardano's words of the view that negatives and square roots of negatives are completely distinct Yet the title of the chapter in question, "On the Rule for Postulating a Negative," as well as the organization and language of the chapter, betray the fact the root of Cardano's skepticism lies in the appearance of negatives at alL For Cardano, a negative appearing alone and a negative appearing under a radical sign are instances of the same difficulty, namely, they are two problematic incarnations of the same "fictitious" number. On this interpretation, the translation first cited, in which Cardano implies that he has a problem in assuming the existence of negative numbers, is more accurate (the rest of Sanford's translation of the passage in question is practically indistinguishable from that cited, above).
In the second sentence, Cardano states that it is impossible to find two numbers whose product is 40, say, and whose sum is 10. Nonetheless, he says, we will proceed. He goes on to provide two objects that satisfy the given conditions. In general, he gives the following method of solution: say that we seek two numbers so that their sun is N and their product is Z. Divide N by 2, so that we obtain a number x, with x + x = N. Form two new expressions, x + ./(x 2 -Z) and x -y(x* -Z). These two expressions are such that their sum is N and their product is Z, as desired. If x 2 < Z, we have two complex numbers, as we now call them. As his quotation, below, indicates, Cardano believes he has solved the given problem. This passage clearly contains certain of Cardano's assumptions with respect to which objects are numbers and which objects are solutions. Evidently, since it is "impossible" to find numbers that satisfy the conditions of the problem, yet Cardano finds two objects that do, Cardano believes that not every solution is a number and, in particular, that square roots of negatives are not numbers.
With an adherence to Greek geometrical thinking typical of his era, Cardano goes on to provide the following:
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DEMONSTRATION
In order that a true understanding of this rule may appear, let AB be a line which we will say is 10 and which is divided in two parts, the rectangle based on which must be 40.
Forty, however, is four times 10, wherefore, we wish to quadruple the whole of AB. Now let AD be the square of AC, one-half of AB, and from AD subtract 4AB, ignoring the number. The square root of the remainder, then -if anything remains -added to or subtracted from AC shows the parts. But since such a remainder is negative, you will have to imagine ,/-15 -that is the difference between AD and 4AB -which you add to or subtract from AC, and you will have that which you seek, is by adding the square of one-half the [given] number to the number to be produced and to or from the square root of this sum adding and subtracting half that which is to be divided. For example, in this case you could divide 10 into two parts whose product is 40; add 25, the square of one-half of 10, to 40, making 65; from the square root of this subtract 5 and also add 5 to it; you then have parts with the likeness of y65 + 5 and y65 -5. But while these numbers differ by 10, their sum is ,/260, not 40. So progresses arithmetic subtlety, the end of which, as is said, is as refined as it is useless.
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Cardano wants to find two numbers whose product is 40 and whose sum is 10. The measure of the line segment AB is 10. He marks off the point C so that the measurement of the segment AC is 5, as is the measure of the segment CB, so that the sum of the measures of the segments is 10. He then constructs a square whose area is 25 -the square of AC -which he denotes by AD (This is somewhat misleading, since, on his diagram, AD appears to be the diagonal of the square, By the quadratic formula, we have that x = (10 + 7(100 -160))/2 or (10 -7(100 -160))/2 (5 + 7(25-40) or 5 -7(25 -40)). One way we can interpret the diagram is as follows: if we form a rectangle whose length is greater than that of the square by 7((10 2 /4) -40) units and whose width is less than that of the square by the same amount, then that rectangle will have the same area as that of the square. Cardano does not state this, however, and he surely gives us no indication that he construes 7((10 2 /4) -40) as the measure of an actual segment, although he does ask us to "imagine" J -15 when we subtract it from or add it to AC.
We first notice that this passage does not contain what we would consider a rigorous proof: the details are sketchy, and Cardano seems to rely on the particulars of one case to prove the generality of his rule. Also, it is not clear how he generated the method of solution; nor is it clear how the geometric depiction of the numbers involved shed any insight into that method. Rather, it seems as if Cardano must have solved the problem formally, and then imposed on it a geometric interpretation of the problem, however odd he may have perceived the requisite imagining to be.
The two best translations of this passage differ on a few points; for example, Witmer gives dismissus incruciationibus as "putting aside the mental tortures involved" and Sandford as "the imaginary parts being lost." It has been claimed that Cardano is punning and, hence, that both translations are apt This does not seem unreasonable. Still, imaginary parts" may be misleading, since the term 206 'imaginary' was coined much later, by Descartes. In any case, 'putting aside the mental tortures" allows Cardano to proceed with his formalism without addressing the bothersome questions: What kinds of objects are these square roots, and does their appearance suggest anything about the method that gave rise to them? In fact, since Cardano seeks to find general methods for finding all the "correct" solutions, the question is not bothersome to him, and "putting aside the mental tortures" is, for Cardano, relatively easy.
In addition, Witmer and Sanford disagree on the translation of vert est sophistica, Witmer giving it as "this truly is sophisticated" and Sanford as "truly imaginary." Neither translation seems completely satisfactory, perhaps a more literal translation -"truly sophistic" -would have been best, since it is more in keeping with the language of Cardano's other characterizations -of "fictitious numbers," "false problems," and so forth.
We notice, too, the straightforward manner in which Cardano treats irrational numbers, such as J65 and ,/260, which, of course, had been known for some time.
Finally, Cardano's lack of attention to the meaning of the new expression, "5 -J -15," his lack of interest in why his method gives rise to such an oddity, and his cavalier dismissal of the entire mathematical episode are neatly encapsulated in the concluding remark of his demonstration: "So progresses arithmetic subtlety the end of which... is as refined as it is useless.* And, here, again, we find Cardano's breezy assessment that the enterprise is useless.
In the corollary that follows, Cardano distinguishes more clearly between the two kinds of objects in which a negative figures. He states:
From this it is evident that if it be said, Divide 6 into two parts the product of which is 40, the problem is one of the sophistic negative and pertains to the second rule. But if it is said, Divide 6 into two parts the product of which is -40, or divide -6 into two parts producing -40, in either case the problem will be one of the pure negative and will pertain to the first rule and the parts will be those that have been given. If it be said, Divide -6 into two parts the product of which is +24, the problem will be one of the sophistic negative and will pertain to the second rule, and the parts will be -3 + J -15 and -3 7-15.* Cardano's method for extracting roots may be written: If x(a -x) = -N, then x = a/2 + or -7((a/2) 2 + N), and if x(a -x) = N, then x = a/2 + or -7((a/2) 2 -N). Using this method, Cardano obtains a pair of complex numbers for each of the first and fourth examples, and a positive number and a negative for each of the remaining two examples. Since Cardano believes he has found a way to dismiss negative solutions, it makes sense to assume that he would reserve the more pejorative adjective -"sophistic" -for the square roots of negative numbers, which, as he mentions earlier, he does not see how to subtract or divide ("one cannot carry out the other operations"). Although he recognizes, for this reason, that the "sophistic negative" and the "pure negative" must be distinct kinds of objects, Cardano yet views the origin of the difficulty as the negativeness of each object Elsewhere, Cardano writes:
Note that J9 is either +3 or -3, for a plus [times a plus] or a minus times a minus yields a plus. Therefore, J-9 is neither +3 or -3 but is some recondite third sort of thing. 27 Here, Cardano clearly distinguishes square roots of negatives from the now less problematic negatives. Yet we can find no additional commentary and no analysis: for one reason or another, Cardano dropped the subject The rest of the Ars Magna is a plodding testament to Cardano's patience and determination to solve cases of the cubic and the quartic In De Vita Propria Liber, a work so overwhelmingly attentive to minutiae as to include the observation that "My left hand ... is truly beautiful with long, tapering, well-formed fingers and shining nails," 28 Cardano refers only obliquely to what we now regard as one of his historic achievements, namely, his part in the discovery of complex numbers.
IV. The Lack of Reaction to Cardano's Discovery
That Cardano provided a general solution for each form of the cubic and that he found complex solutions for certain quadratics guarantee him a place in the history of the development of algebra, at least from the perspective of later generations of mathematicians and historians of mathematics. Cardano himself viewed square roots of negatives as obscure and relatively useless. What makes Cardano interesting in the context of a discussion of the liminal cycle is his subsequent response to his own discovery, he ignores it Given Cardano's apparent propensity for recording matters of even the most trivial nature and even facts and opinions that do not flatter him, it is natural to suppose that had Cardano, in fact, devoted more work to square roots of negatives and issues surrounding them, he would have recorded it. The Ars Magna is, as Ore writes, "tediously prolix" 29 -Cardano offers solutions to case after case of the cubic, giving examples and demonstrations of each case. He produces lists of every description, from enumerations of his works to listings of his friends and enemies. In a compendium of works by others in which he is mentioned, he even includes Luca Gaurico's Book of Nativities, although "his reference to me is unfavorable." 30 He seems aware that his name and works were sufficiently well known that even his foes would have been forced to acknowledge them: "Nor was it possible for me to be treated so invidiously that my name be ignored in the classrooms of Bologna, Pavia, and elsewhere" 31 (His assumption is correct.).
Of course, it is possible that Cardano did write further on the subject of the "sophistic negative," since many of the manuscripts mentioned in his autobiography have been lost, and such a tract may have been among those lost; moreover, some of the works were not published. 32 In fact, Cardano does mention a work, "On Imaginary Functions," in De Vita Propria Liber, but its contents remain a mystery, indeed, the translations of the title is unhelpful to us, since neither of the terms 'imaginary' nor 'function' were part of anyone's mathematical vocabulary in Cardano's time. We cannot determine, then, whether this work contained an elaboration ,of Cardano's earlier comments, something altogether new, or even whether the subject of the work is complex numbers. Further, it is reasonable to assume that, had this or any other work or lecture provided substantial analysis or commentary on "impossible problems" or "sophistic negatives," someone, especially one of Cardano's foes, would have taken an opportunity to refer to such a commentary, a commentary on a topic that, at the time, was considered bizarre.
Why did Cardano simply drop the subject, as it appears he did? Perhaps Cardano did not wish to call into question his method; this is not likely, though, since he could readily prove that the method is correct Cardano claimed, as we have seen, that such "arithmetic subtlety" is "useless." He may have viewed the square root of a negative as a mere oddity, an uninteresting anomaly, which, because of its "uselessness," did not merit his curiosity. On the other hand, it may be claimed that, at any rate, Cardano was not a curious man, at least where mathematics was concerned. In the following, Cardano comments on, among other things, the necessity of accepting certain propositions as axioms:
Mathematics... is, as it were, its own explanation; this, although it may seem hard to accept, is nevertheless true, for the recognition that a fact is so, is the cause upon which we base the truth. 33 Cardano consistently introduced geometric proofs in the An Magna in order to establish his algorithms. In so doing, he was evidently willing to admit a rather large number of axioms, or so it seems; for example, he writes:
... considering the proposition that the exterior angle is equal to the sum of the two opposite interior angles -there is no reason why this should be so, but that it is so, is simply a fact 34 There is no need to axiomatize such a statement; it can be proved. In any case, Cardano may simply have believed that the appearance, if not the actual existence, of square roots of negatives was merely another unfathomable fact of mathematics, not unlike some of the other unfathomable "facts" that Cardano studied, such as the "fart" men's lives are governed by the stars, or the "fart" guardian angels Philosophia Mathematica, IL vol. 4 (1989) , no. 2 209 attended his every movement. Given that, in Cardano's time, the Church was the dominant political and social force, it is not surprising that Cardano found it easier to believe in the existence of guardian angels than in the existence of what are called complex numbers, and easier to value "spiritual insight" as a means of gaining knowledge than to value proof, an "aspect of knowledge ... derived from the effect based upon the cause." 35 Or, at least, it was easier to claim that he believed in guardian angels and valued spiritual insight In 1570, Cardano was jailed as a heretic Although he was released after several months, he was under surveillance until his death, almost six years later, and was forbidden from lecturing in public and from publishing, 3 * a severe blow for a man who clearly loved public recognition and acclaim. Hence, it is likely that, even if Cardano had wished to mention his work on square roots of negatives more clearly in his memoirs than he did, he surely would have thought twice in the face of the more extreme punishments executed in the name of the Counter Reformation. We do not know why Cardano was jailed; persons accused of heresy were usually not given reasons for the indictment Ore mentions Cardano's casting of Jesus' horoscope, his critical analysis of Christianity, and his praise of Nero (who tortured Christian martyrs) as points possibly used by the Inquisitors to argue for Cardano's heresy. 37 The Inquisition may, in fact, have contributed to other, later mathematicians' lack of response to and interest in Cardano's work with square roots of negatives (other than, say, Bombelli and Vieta), but this is simply conjecture. In the sixteenth and seventeenth centuries, the Catholic Church was an enormously powerful institution, exerting particularly strong influence on the life of the academician. The Church founded and controlled universities, required all scholarly writings to be written and printed in Latin, read all works in a scrupulous search for signs of heresy, and severely punished any writers whose works were deemed to conflict with the Church's teachings. Galileo was harassed from 1616 until his death in 1642, and Giordano Bruno was burned alive in 1600; both men espoused Copernicus' heliocentric theory of the solar system, and it was this belief for which they were punished. This was not an atmosphere in which new ideas were heralded with unrestrained enthusiasm and their authors congratulated by everyone. And it was not easy to fathom which ideas and which works would be regarded as doctrinally suspect.
It is true that Cardano himself did not emphasize the appearance of "impossible solutions" in his work; he dismissed square roots of negatives and "impossible problems" as useless -a criticism that was unlikely to inspire much curiosity or further work at that time. Moreover, Cardano was regarded in some circles as a superstitious, and even insane, man, although everyone else was superstitious, and most of Cardano's contemporaries did not question his sanity.
of his more exotic works, such as a treatise on predictions from thunderstorms. Yet astrology was regarded as an exact science in Cardano's day -seventeenth or eighteenth century views on astrology do not constitute a fair standard by which to judge those who lived at least one hundred years earlier. Even from a mathematical viewpoint, though, square roots of negatives may have been too esoteric for Cardano's readers, since such roots seem to have troubled mathematicians as late as the nineteenth century. As Ore writes:
At a time when even a subtracted and added term required study as separate cases and negative numbers were not fully understood, this handling of complex numbers, as we now call them, must have appeared as a piece of magic as mysterious as any of the occult studies in which Cardano indulged. 19 A. Rupert Hall argues for a "unity of knowledge" in sixteenth century Europe such that the basic precepts of all branches of science were assumed by everyone, although they may have quibbled about a point or two; for example, "No one doubted that bloodletting was an essential part of therapy: but there was a great dispute over the actual technique."* In two hundred years, from about 1300 to 1500, the growth of knowledge, of scientific knowledge in particular, was slow, and, thereafter, the search for ancient roots of knowledge predominated over any desire for forward movement. As Hall explains:.
Among the humanists intense admiration for the work of antiquity led to the belief that human talent and achievement had consistently deteriorated after the golden age of Hellenistic civilization; that the upward ascent demanded imitation of this remote past, rather than an adventure along strange paths. 41 In such an environment, we expect not to find much interest in exploring the ramifications of a strange new solution,' and, in fact, we do not: square roots of negatives were ignored, with few exceptions, for the next several hundred years..
During and prior to the eighteenth centuries, mathematics was viewed as a science of quantities. At the end of the seventeenth and beginning of the eighteenth centuries, much work was done in calculus and applications of calculus, and not much attention was devoted to the study of algebra. This period does mark the onset of a transformation in the history of algebra, though, because before the eighteenth century, the primary aim of algebraists was the discovery of numerical solutions to problems by means of equations, whereas during this particular century, algebraists began to study the equations and methods of solving equations themselves. 42 On the old view of algebra, the object of mathematical study was thought to be numbers; on the new view, the object of study was properties of structures. For the early algebraists, the letters they used represented numbers, and manipulating the letters was a symbolic way of manipulating the numbers that these letters represented, so that algebra, for them, amounted to a symbolic arithmetic Philosophia Mathematics, II, voL 4 (1989) , no. 2 211 Modern algebraists do not view their subject as being so integrally tied to arithmetic on a more modern view, we can conceive of many different interpretations of a structure comprising a set of objects together with some operations satisfying certain axioms. Consider these examples: the set of all positive even integers together with the standard arithmetic multiplication and addition -that is, these operations are commutative and associative, and multiplication is distributive over addition; the set of all polynomials in the real variable x together with the usual multiplication and addition for polynomials; and the set of all real-valued continuous functions defined on [0,1] with the expected multiplication and addition for functions. Each of these share the same algebraic structure.
0 Today, we have examples of structures for which multiplication is not commutative (Hamilton's quaternions) and for which it is not associative (Jordan algebras and Lie algebras), as well as other structures such as monoids, groups, rings, integral domains, division rings, fields, vector spaces, and so forth. According to the historian of algebra, Lubos Novy, the complete attainment of this view of algebra was not realized until the 193O's.' M In a little over a century, then, a complete change of focus and approach was achieved. One could say that algebraists now possessed not only operational knowledge of a certain set of equations -knowledge how they can be solved -but also prepositional knowledge -knowledge that a particular body of results is true -and conceptual knowledge -knowledge o/the structure and of certain structures of algebra. The results of this change differed widely in England and on the Continent, with the latter presenting us with probably the clearest legacy of algebraic progress. Novy writes of three major periods of development in Continental algebra. Around 1770, Waring, Vandermonde, and Lagrange tried to analyze methods of solving equations. In particular, Lagrange tried to see why methods of solving third degree polynomial equations actually worked for these equations and whether the method could somehow be extended to a method for solving the general fifth degree equation, called the 'quintic' Solution of the quintic was an important problem for the Continent algebraists; work on this problem was furthered around 1800 by Ruffini and Gauss, and, about 1830, was finally resolved with Abel's and Galois's work on the insolvability of the quintic/ on the Continent, 47 and was eventually forgotten in England. Their influence can be observed, however faintly, in the work of more recent British mathematicians, such as in the mathematical logic of Boole and of De Morgan and in the algebraic work of Cayley, among others. 48 The British emphasis on structure probably started with Peacock, and eventually manifested itself, one may argue, in the following results: Hamilton's 1843. example of a noncommutative algebra, namely, his quaternions; Grossman's 1844 generalization to what he called hypercomplex numbers; 4 * Boole's 1854 presentation of logic as an algebra; Cayle/s 1857 example of a noncommutative algebra, namely, matrix algebra; and Cayley's 1854,1859, and 1860 group theory papers.. One of the points Cayley made in these papers is this: the binary operation tables define a structure that precedes any interpretation one may give it" Cayley"s emphasis very much has the flavor of the writings of Peacock and of De Morgan."
The emphasis on structure, both in England and on the Continent, differs radically from the point of view of Cardano and the early algebraists, whose concentration on using equations to solve problems that were expected to have numerical solutions caused Cardano to discard the "impossible problems" with their "imaginary solutions." Again and again, in reading Cardano's writings, one notices his emphasis on what he perceives to be the relative uselessness of square roots of negatives in the sense that they were not, so far as he knew or could imagine, actual solutions to actual or possible problems, and his stress on the importance of finding methods of solving particular equations. A few hundred years later, the British, who were not content to treat the appearance of the square roots of negatives strictly as artifacts of the equation-solving process, forced themselves to grapple with the problem and to search for an understanding of what seemed to them to be highly unusual objects. After much thought and debate, they could find no place for these objects within the confines of traditional algebra qua symbolized arithmetic, and eventually abandoned any hope of so doing. Instead, they focused on the formal aspects of algebraic structures -sets of objects that can be combined by means of certain operations. Peacock and De Morgan were especially active in moving the emphasis to abstract structures whose particular interpretations were not so important as their overall architecture.
In moving from a focus on quantities and on problem-solving by using equations that relate quantities to a focus on the notion of abstract structure in general and on particular structures, the British algebraists ceased to consider monumental the whole question what to do with square roots of negatives. Whether a square root of a negative is a number or some other sort of object was irrelevant as far as the new focus was concerned, and so the whole question was sidestepped: these objects were merely a strange interpretation of an abstract structure.
